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Abstract 
Let M be a maximal subgrotip of a finite group G; then a subgroup C of G is said to 
be a completion of M in G if C is not contained in M while every proper subgroup of C 
which is normal in G is contained in M. The set, I(M), of all completions of M is called the 
index complex of M in G. Set P(M) = {C C I(M) I C is maximal in I(M) and G = CM}. 
The purpose of this note is to prove: If a finite group G is S4-free, then G is supersolvable if 
and only if, for each maximal subgroup M of G, P(M) contains an element C with C/K(C) 
cyclic. @ 1998 Elsevier Science B.V. 
AMS classification: Primary 20D20; 20E34 
Throughout his paper, all groups mentioned are assumed to be finite groups. The 
terminology and notations employed agree with standard usage. 
Let M be a maximal subgroup of  a group G; then a subgroup C of G is said to be 
a completion for M in G if C is not contained in M while every proper subgroup of 
C which is normal in G is contained in M. The set, I (M), of all completions of M is 
called the index complex of M in G. It is clear that the index complex of  a maximal 
subgroup M of group G is nonempty and that the set I (M)  is partially ordered by set 
inclusion [1, 2]. 
A subgroup C of a group G is said to be a maximal completion of a maximal 
subgroup M of G if C is a maximal element of I (M) ;  if C <2 G and C c I (M)  then 
C is said to be a normal completion of a maximal subgroup M of group G. Clearly, 
every normal completion of M is a maximal completion of  M. 
Let H be a subgroup of group G; then the product of all normal subgroups of  
G which are proper subgroups of H is said to be the strict core of H,  denoted by 
K~(H) = K(H). It is clear that K(C) < coreM and K(C) < C i f  C E I(M). 
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Let M be a maximal subgroup of group G; then set 
P(M) = {C E I(M)IC is maximal in I(M) and G = CM}. 
In [2] Deskins' conjecture that a group G is supersolvable if and only if, for each 
maximal subgroup M of G, P(M) contains an element C with C/K(C) cyclic. The 
answer to this conjecture is negative; for example, let G = $4, It is well known that 
G is nonsupersolvable, but it is easy to verify that, for each maximal subgroup M of 
G, P(M) contains an element C with C/K(C) cyclic. 
We can, however, prove the following. 
Theorem. I f  a group G is S4-free, then G is supersolvable if and only if, for each 
max#nal subgroup M of G, P(M) contains an element C with C/K(C) cyclic. 
The results given below are useful in the proof of the theorem. 
Lemma 1. Let M be a maximal subgroup of a group G, and N a minimal normal 
subgroup of G. I f  C E P(M) and N <_ K(C), then 
(1) C/N El(M/N); 
(2) K6/N(C/N) = K(C/N) = K(C)/N. 
Proof. It is clear that C/N E I(M/N). We only prove (2). Since C E P(M), we have 
K(C) < C and K(C) < coreM. Hence, K(C)/N < C/N and K(C)/N < M/N, and 
therefore, K(C/N) > K(C)/N. In addition, C/N E I(M/N) implies that K(C/N) < 
C/N. Let K(C/N) = H/N; then H <:1 G and H < C. It follows from the definition of 
K(C) that H <_ K(C). So K(C/N) = K(C)/N. [] 
Lemma 2. Let M be a maximal subgroup of a group G, C E P(M). I f  core M ~ C, 
then there exists a normal completion H of M in G such that H/K(H) ~_ a subgroup 
of a quotient group of C/K(C). 
Proof. Since coreM ~ C, we have C < CcoreM. The maximality of C in I(M) 
leads to the conclusion that C coreM ff I(M). Hence, the collection 
S = {T < GI T ~ coreM, T < CcoreM} 
is nonempty. Choose H to be minimal in this partially ordered set S. Then H E 
I(M), HcoreM > coreM, and HcoreM < CcoreM. (coreM)n H < H and 
(coreM) N H <1 G implies that (coreM) N H < K(H). But it is clear that K(H) < 
(coreM) n H. So K(H) = (coreM) N H. Therefore, 
H/K(H) = H/H N core M ~ H core M/core M < C core M/core M. 
From K(C) <__ C N coreM we have that CcoreM/coreM (~-- C/C n coreM) is a 
quotient group of C/K(C), hence the proof is complete. [] 
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Lemma 3. Let M be a maximal subgroup of a group G, N a minimal normal sub- 
group of G, and N <_ M. I f  there exists a C in P(M) with C/K(C) cyclic, then there 
exists a C1/N in P(M/N) such that (C1/N) /K(q/N)  is cyclic. 
Proof. Let N < K(C);  then it follows from Lemma 1 that C/N E I(M/N) and 
K(C/N) = K(C)/N. If  C/N is a maximal element of  I(M/N), then C/N C P(M/N) 
and (C/N)/K(C/N) ~- C/K(C) is cyclic. So we can assume that C/N is not maximal in 
I(M/N). Then there exists C1/'N 6 I(M/N) such that C/N < q /N .  We have C < C1. 
The maximality of  C in I (M) leads to the conclusion that Ca ~ I(M). Hence, the set 
S= {T <JGIT ~ M,T < q}  
is nonempty. Choose H to be a minimal element in S. Then H E I(M). If  NH < CI, 
then NH/N < C~/N and NH/N ~ M/N, in contradiction to that C1/N E I(M/N). So 
C1 = NH <3 G, and therefore q/N E P(M/N). 
The minimality of  N leads to the conclusion that N N H= 1 ( i fN  N H = N, then Cl = 
NH = H, in contradiction to that H < Cl ) and Ct = N × H. I f  there exists a subgroup 
C2 of C1 such that C < C2 < C1, then, for any proper subgroup// l  of 6"2 which is 
normal in G, NHI <3 G and NHx <_ C2 < CI. Since NH1 = Cl n NH1 = N(H n NH1 ), 
H n NHI < H and H n NH1 <3 G, we have H n NH1 <_ M, and H1 _< NHI = 
N(H N NH1 ) <_ M. Hence, C2 E I (M), in contradiction to the maximality of  C in I(M). 
It follows that C is a maximal subgroup of Ca. If K(H) < C, then K(H) < C (if not, 
C = K(H) <_ M). So K(H) <_ K(C), and K(C) >_ N × K(H). Noticing that K(C) = 
N(K(C) n H) ,K(C)  N H < H and K(C) N H <3 G, we have K(C) N H <_ K(H) and 
K(C) = N x K(H). It follows that q/K(C)  is a minimal normal subgroup of G/K(C) 
and that C/K(C) is maximal in Ct/K(C). By using D- J -T  Theorem [3, P44s] we have 
CI/K(C) is a solvable group, and therefore CI/K(C) is an elementary abelian p-group. 
(C1/K(C))(M/K(C)) = G/K(C) and (C1/K(C)) n (M/K(C)) = 1 implies that [G : 
M] = IC1/K(C)[. On the other hand, from C E P(M) we have (M/K(C))(C/K(C)) = 
G/K(C). It follows that IC/K(C)I >_ [G : M] = Iq/K(C)I ,  a contradiction. So we 
can assume that K(H) q~ C, and therefore CK(H) = CI. Since K(C) N H <3 G and 
K(C) n H < H, we have K(C) n H <_ K(H) and K(C) N H <_ C n K(H). It follows 
that 
K(C) = N(K(C) N H) < N(C n K(H))  = C G (NK(H)). 
Hence, 
(C1/N)/(NK(H)/N) ~- ClINK(H) = CK(H)/NK(H) ~ C/(C n (NK(H))) 
is cyclic. Noticing that K(C1/N) >_ NK(H)/N we have (CI/N)/K(C1/N) is cyclic. 
Let N ~ K(C);  then coreM ~ C. It follows from Lemma 2 that there exists a nor- 
mal completion H of M such that H/K(H) is cyclic. I fN  < K(H), then clearly H/N 6 
P(M/N), and using Lemma 1 (H/N)/K(H/N) ~- H/K(H) is cyclic. I fN  ~ K(H), then 
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N ~ H. The minimality of  N leads to the conclusion that N N H ----- 1. Clearly, NH/N E 
P(M/N) and (NH/N)/(K(H)N/N) ~- H/K(H) is cyclic. Noticing that K(HN/N) >_ 
K(H)N/N. We have (NH/N)/K(HN/N) is cyclic. The proof of Lemma 3 is complete. 
[] 
Proof  of the theorem. Let G be a supersolvable group. Then every principal factor of  
G is a cyclic group of prime order. I f  M is a maximal subgroup of G, then clearly 
the set 
is nonempty. Choose H to be minimal in S. Clearly, H E P(M)  and H/K(H)  is a 
principal factor of  G. Hence, H/K(H)  is cyclic. 
Now assume that, for every maximal subgroup M of G, there exists an element C in 
P(M) with C/K(C) cyclic. I f  G is a simple group, then, for every maximal subgroup 
M of G, G is an only element in P(M), and so G = G/K(G) is cyclic by the condition. 
Now we can assume that G is not simple. Let N be a minimal normal subgroup of 
G. Obviously, that G is S4-free is quotient-closed. By Lemma 3 and induction, we 
can assume that G/N is supersolvable, and without loss of  generality we may, further, 
assume that N is the unique minimal normal subgroup of G and ~b(G) = 1. Thus, there 
exists a maximal subgroup L of G such that G -- LN, and coreL = 1. By hypothesis, 
there exists C in P(L) with C cyclic (because K(C) <_ coreL = 1). I fN  _< C, then N 
is a cyclic group, and therefore G is supersolvable. So we can assume that N ~ C. 
Noticing that C ~ G, we can assume that there exists a subgroup H of G such that 
C is a maximal subgroup of H. By D- J -T  Theorem [3, P445] H is solvable. I f  H 
does not contain any proper normal subgroup of G, then H E P(L), and C < H, in 
contradiction to the maximality of  C in I(L). So we can assume that N < H. Hence, 
H = NC and N is an elementary abelian p-group, and therefore G is solvable and 
L N N = 1. By [4] F(G) = N and Co(N) = N. 
Let INI = p~. NL = G = CL implies that C is not a p'-group. Let P E Sylp(C). 
Since N 7~ C,N~,e(P) > P. So NNc(P) > C. The maximality of C in H = NC implies 
that P <~ NC, and so CNc(P) <1 NC. CNc(P) >_ C and the maximality of C in NC leads 
to the conclusion that CNc(P) = NC or C. If CNc(P) -~ NC, then P < CG(N) = N. It 
follows from NL = G = CL that I Pj = INI. Hence P = N, in contradiction to N ~ C. 
So we can assume that CNc(P) -- C; then C <~ NC. Let C1 be a p'-Hall subgroup of 
C, then C1 <~ NC, so [N, C1]=I. It follows from Ca(N)= N that Cl=1, i.e., C is a 
p-group. The maximality of C in NC implies that [NC : C] = p. Noticing that C is a 
cyclic group and that N is an elementary abelian p-group, we have I N N C I _< p. It 
follows that IN[ _< p2. We can assume that IN[ = p2. Let P* E Sylp(G) and P* >_ NC. 
It follows that P* = C(P* N L) and P* N L E Sylp(L). So clearly P* -- (P* n L)N 
and (P* N L) N N = 1. I f  p is an odd prime, by using [4, LemmaI.6.11] we have 
that [N[ = p, a contradiction. If p = 2, using the permutation representation of G on 
S = {Lg I g E G}, we see that G ~- G/coreL --- a subgroup of $4. Since $4 and A4 
are the only nonsupersolvable subgroups of  $4 and A4 does not satisfy the hypothesis 
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of the theorem and G is S4-free, G is supersolvable. The proof of the theorem is 
complete. [] 
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